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An analytical expression is derived for the frequency distribution of the orientation factor in the non-radiative transfer

of electronic excitation energy.

Long-range non-radiative transfer of electronic
excitation energy between luminophores attached
to distant sites of a molecule has recently aroused
considerable interest since the efficiencies of trans-
fer can be related to the separation R of the chromo-
phoric groups [1]. This method is of special interest
for values of R of the order of 15—50 A and has been
used in particular in studies of the dimensions of
peptide hormones [2—4]. The energy transfer de-
pends also on the orientation between the transition
dipoles of the donor, D, and the acceptor, A,
luminophores; this dependence is given by an orien-
tation factor k2 defined by [5]

K=cosfps —3cosfpcosf,. (¢9)

In this expression 85 is the angle between D and A
and 6y, and 0 , are the angles between D and A and
the line joining them, respectively. Considering that
k2 can be determined only approximately [5] it is
usually assumed that the value (x2>l_‘,_n =2/2 cor-
responding to luminophores rointing rapidly and
isotropically is a good representation for the orienta-
tion dependence of various transfer properties.

In the case of molecules which can take up a
large ensemble of conformations which do not vary
during the lifetime of the excited state of the donor

(static averaging regime), the frequency distribution
of k2 as the orientations of D and A take on random-
ly all possible values in space is required in the ex-
pressions of the transfer properties as functions of

R [6]. Although this distribution has been obtained
in numerical form [7], to the best of our knowledge
no analytical expression has been given for it so far
and it is the purpose of this paper to derive such an
expression.

The orientation of a dipole is determined in spher-
ical polar coordinates by the angles 8 and ; we use
the line joining D and A as the axis and since we are
interested only in the relative orientations of D and
A we can put arbitrarily ¥, = 0 and can write ¢ for
Y 5- Then

cosBp,y =cosBp cosB , +sinfpsinf 4 cos Yy )
and
K=sinfpsinf 5 cosy — 2 cosfp cosfy. 3

The ““volume element” for the orientations of D and
A is:

AV =sinfp dfp sind 4 d 4 dv - @

We can regard this expression as defining the joint
frequency distribution of the variables 6p,, 8 4, and ¥:
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the frequency of finding D and A with orientations in
the range 6 and O, + 0,0, and 84 +dF . P and
¥ + di, is proportional to sin 8 sin 8 4 . To find the
frequency distribution of any variable, independent
of the values of the other variables — known in statis-
tics as the marginal frequency distribution of that vari-
able — we have to integrate (4) over the cther two vari-
ables. Since the joint frequency distribution is here a
-product of independent factors, integration will
simply yield frequency distributions proportional to
sin 8y, sin 8 4, or 1 {(uniform distribution), respec-
tively. To obtain the frequency distributions we have
to divide these values by the triple integral over (4);
since we are only interested in the absolute value of
¥, all three angles vary from O to « and the integral
is 4.

To find the frequency distribution of any quantity
depending on 8, 8 5 , and Y we can transform the
variables so that the quantity of interest becomes
one of the variables and integrate over the other two
variables.

We first introduce ¢; = cos 8. €3 =cos 8 5 so that

d¥V = de; de, Y. &)

We then transform €y, €3, ¥ to ¢y, €5, k as the new
set, i.e. transform simply ¥ to k:

dV = de, de,(0¥/0K),, ., dK. 6)

From (3) we have, neglecting the sign and since ¢y, ¢5
constant implies @y, # 5 constant:

I(®x/3¥),, ¢, | = sin Op sin 6 5 sin ¢ )
or

@YIBK), c, = [ — D) —3)

—(x + 2c]c2)2]“1/2 = w—12 )
s0 that
av=w2dc,dc,dxk. ®
The frequency distribution of x is then
1 ' €3 max c2max
F)=z= dey f w—12gc,. o)
cymin cymin

The range of ¢, is determined by the requirement
that ¥ must not be negative and the limits c5 .,
€2min aT€ given by W= 0; since ¥ is a quadratic func-

tion of ¢4, as can be seen by writing it in the form

W=—(3c? +1)c} - akcie; +(1 —c —x2) Q1)
it vanishes for
¢ = (=2 ey 2VOW(3et + 1), a2
where
g=4ax%c} +(3c3 + D1 — ¢ —x?)

=@c? +1—x3)(1 —e?). 13)

If real values of ¢, are to exist, Q must not be
negative and this will determine the limits of integra-
tion over ¢y . It is easily confirmed that ¢3,,, and
€2 min 25 determined by (12) are both within the
range [-1,1] so that all values of ¢, between them
are physically significant. The integral over ¢, is
evaluated easily via the inverse sine function and is

cemax [‘2 -
w g, = — " s
&ymin @Be}+ D2
so that
€3 max dcl
=% f as)

cymin (30:;' + 1)”2

In most applications the gquantity of interest is
not & but rather k% = k and this is a convenient point
in the development to change over to the distribution
of k. We have

dr = dk/2\k 16)

but on the other hand positive and negative values of
k contribute to any definite value of & so that the
frequency distribution of k is

_fx 1 Cymiax dey
gR)="pr= — - a7
vk avE cymin (3‘% + 1)112
If O is to be non-negative we have from (13)
2=k —1)/3 @as)

since the second factor of @ is never negative for
physically significant values of ¢4.

For k£ =< 1 (18) is always satisfied so that the
limits of integration are *1; the integral can be evaluai-
ed via the inverse hyperbolic sine function or the
logarithm:
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Fig. 1. Normalized frequency distribution as function of k.
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=2\}3§m(2 +/3); k<1. 19

For k > 1 (18) determines the lower limit of integra-
tion so that

C'

1
)= 1.
\/—_ f min (36'1 + 1)1/’

=;}—3——I;m(z +/3) -~ In(% ~ VE = 1);

1<k<a4. (20)

There are no physically significant values of ¢y for
k > 4, in agreement with the fact that from (3) k is
always within the range [—2,2]. Egs. (19) and (20)
are therefore the frequency distribution of k.

It is easily verified that g(k) is properly normalized:

4
fg(k)dk= IIA(ZJ_)
fln(z-!-\/_) 2\1;;%/‘-;\/;:—1)&:1- en

Table 1

Normalized frequency distribution g(%) as function uf &k
k &k) x s
4] s 1.i 0.277
0.1 1.202 1.2 0.233
0.2 0.856 1.4 0.176
0.4 0.601 1.6 0.138
0.6 0.491 1.8 0.110
0.8 0.425 z 0.089
H 0.380 2.5 0.052
1.01 0.351 3 0.028
1.02 0.336 35 0.012
1.05 0.309 4 ]

The second term in the second integral is svaluated
via the substitution k = ch?u involving the hyperbolic
cosine function and integration by paris.

It is also easily verified, using the same substitu-
tion, that the first moment, i.e. the mean value of &,
which is known to be 2/3, is given correctly by g(k):

4 1 .
J etorar= [ BE2VD) gy
0 o = 22)
4 S
In(2 +v3) — In(WVk +Vk —1 2
» [ BEVI IR Pear=2.

3 &

Table 1 gives the values of g(k) as a function of k,
fig. 1 shows a simple plot of these values. It is to
be noted that the first derivative of g(k) is discontinu-
ous at k£ = 1 and the tangent to the right-hand branch
is vertical at this point; no physically evident reason
has occurred to so far for this behaviour, but mathe-
matically it can be described by the following considera-
tion: whereas there are acceptor orientations for
any arbitrary donor orientation to yield a given value
of k as long as & does not exceed unity the range of
donor orientations for which there are such acceptor
orientations decreases sharply as & becomes greater
than one.
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